Mechanical remote centre of motion (RCM) mechanisms are often used to construct robotic minimally-invasive surgical manipulators, such that potential damage on the incision ports is eliminated. Current parallelogram-based RCM linkages (PB-linkage) typically have large footprints that compromise optimal surgical operations. A novel cable system with remote centre of motion is proposed to reduce the footprint. The RCM function of the cable system is proven mathematically. A new approach based on constraint analysis is conducted to determine the magnitudes of tension. The results are validated by finite element analysis, hence proves the use of constraint approach and the functioning of the cable system. Upon verification, the footprint of the cable linkage is compared to that of a PB-linkage in a simplified surgical scenario through three approaches. The quantitative analysis shows that the cable linkage has a smaller footprint in more than half of the design points in all approaches. A prototype is built for proofing the concept of the cable linkage.
Introduction
In a minimally-invasive surgery (MIS), the surgical instrument is constrained to have four degrees-of-freedom (DOF) through the incision port [1] : pitch, yaw, translation along the longitudinal axis and roll. The first three DOF in combine function as a spherical coordinate system to define the position of end-effector inside the patient's body. Remote centre of motion (RCM) mechanisms provide the two rotational DOF while permitting the surgical instrument to pivot around the incision port, hence eliminate potential damage to the incision port and promote the safety of MIS procedures [2] .The RCM function refers to the capability of a mechanism to rotate its link(s) around a remote point without having a physical revolute joint at the point [3, 4] . A remote centre (RC) can be constrained virtually or mechanically [5] . Mechanical RCM mechanisms are more reliable and considered suitable for clinical applications [3] . Mechanical RCM mechanisms that generate single RC and are applied on robotic MIS systems include isocentres [6] , circular tracking arcs [7, 8] , parallelograms [9] [10] [11] [12] [13] [14] , synchronous transmissions [15] and spherical linkages [16] . In addition, there are RCM mechanisms that generate multiple RCs [17] .
A commonly used approach to synthetise a two-DOF RCM mechanism is to combine a planar RCM mechanism with a revolute joint [3] . The axis of the revolute joint coincides with the one-DOF RC to add the second DOF. Such approach results in fully Point O is the remote centre. Links AF, AC, CE and EH are the ground, input, connector and output links, respectively. Links AC and CE, with virtual links AO and EO, form virtual four-bar linkage ACEO. Links BG and DG constraint the motion of the linkage. Link CG is the diagonal link of the virtual four-bar linkage. It contains a passive prismatic joint, Joint I, to accommodate for the change in length of CG with respect to movement of linkage. The distance between Joints C and I is constant while the distance between Joints I and G changes. The shape and size of output Link EH can be optimised freely to suit specific MIS applications.
The three cable loops are called Loops PL, FB and PU, for the lower, middle and upper loops in Fig. 2 , respectively. Loop PL connects Pulleys P1 and P2, which are rigidly attached to Links AF and BG, respectively. Loop FB connects Pulleys P3 to P5. Pulley P3 is rigidly attached to Link AC. Pulley P4 rotates freely at I. Pulley P5 is rigidly attached to Link CE. The cable connecting P4 and P5 has crossed configuration. Loop PU connects Pulleys P6 and P7, which are rigidly attached to Links DG and EH, respectively. Note that although there exist two forms of cable loop, which are the end-less tendon drive and the open-ended tendon drive, as classified in [25] , they are not distinguished in the 2D design of the cable linkage. The reason is that the synchronised rotation of pulleys, which is the essential mechanical constraint of the cable linkage, can be achieved equivalently using two forms of cable loop under the assumptions of zero cable slippage elongation.
Loops PL and PU ensure Links BG and EH are parallel to AF and DG, respectively. Slip of cable on pulleys in Loops PL and PU ruins the parallel constraint, thus cause failure in maintaining the RCM function. Loop FB permits the cable linkage to pass the configuration where all links overlap with the ground, which is the singular configuration of an unconstrained four-bar linkage. Slip of cable in Loop FB does not affect the RCM function. In non-overlapped configurations, Loop FB is redundant. In the overlap configuration, slip of cable in Loop FB can cause the cable linkage to turn into an undesired configuration, where the output link stays coincident with the ground regardless of the input angle. Thus the position of the remote centre is not affected, despite the lost of mobility. More details regarding the singularity are described in the later paragraphs of this section.
The outer shape of the cable linkage, which is virtual four-bar linkage ACEO, is symmetrical to simplify the geometry. Links AC and CE have equal link length. Virtual links AO and CO have another equal link length, which is longer than that of AC and CE. Such structure ensures that the link length of the RCM mechanism is always smaller than the distance between the input joint A and the remote centre O. Hence the RCM mechanism is considered to be relatively faraway from the remote centre.
The geometry of the linkage is fully defined by two parameters, v and r, expressed mathematically as
To ensure Links AC and CE are shorter than AO and CO, v is smaller than one. With a given length AO, the range of motion (ROM) of the RCM mechanism is fully defined by v. As shown in Fig. 3 , the centre (diagonal) line CO is perpendicular to ACE at two ends of ROM. Therefore, the ROM is
Parameter r is greater than one. It defines the geometry of four-bar linkage BCDG, where the length of Links BG and DG is
Eq. (4) indicates that the larger the r, the longer Links BG and DG are. Four-bar linkage BCDG occupies additional space between Links AC, CE and the RC, thus a smaller r is desired to leave more clearance around the RC. The configuration where all links overlap with ground is a bifurcation (singularity) configuration of an unconstrained four-bar linkage, where two possible configurations can be achieved upon crossing and ∠BCD = 2∠BCG (6) where Eq. (6) can be equivalently expressed as
The first configuration shown in Eq. (5) is an undesired configuration where Links BG, DG and EH stay overlapped with ground (AF/AO) regardless of the input angle. In this case the mobility of the linkage is lost. Therefore, Eq. (6) or (7) needs to be enforced to fully constrain the linkage. The cable linage achieves Eq. (6). In Loop FB, ∠BCG and ∠DCG are related to the relative rotations of Pulleys P3 and P5 with respect to diagonal link CG, respectively. Pulley P4 allows the two angles to be synchronised hence eliminates the chance of turning into Eq. (5). In this design, P3 and P5 are placed at Joint C to maximise the clearance between Links AC, CE and the RC.
The cable on one side of a loop is in tension in one direction of motion of the linkage. The sides of loops that are in tension in the upward and downward motions of the linkage are shown in Figs. 5 and 6, respectively.
Proof of RCM function
The proof of RCM function of the cable linkage is conducted based on the condition that the cable loops are functioning correctly hence the linkage is in the desired configuration. Such condition is proven in the Section 3. Given that an RCM mechanism requires a link to rotate around the remote centre, the proof is conducted through two steps:
1. Joint E rotates around O with a constant radius. 2. Point H rotates around O with a constant radius.
where E and H form output link EH. To simplify the expressions, the following link lengths are assigned.
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Generalised coordinates
To conduct the proof, ten generalised coordinates are assigned to fully describe the linkage. The generalised coordinates q are listed in Table 1 .
h 1 is the actuator input angle thus it is the independent generalised coordinate. All other generalised coordinates are dependent ones. The angles are measured with respect to the "previous" link, as shown in the "Reference", and in counter-clockwise (CCW) direction. There is no h 3 and h 5 since Pulleys P3 and P5 are rigidly attached to links and do not have their own independent rotation. The graphical representation of the generalised coordinates is shown in Fig. 7 .
Step 1 -position of joint E
The distance between Joint E and O is
where x E and y E are the horizontal and vertical positions of Joint E with respect to Joint A, respectively
where the p term is added as h 9 is measured with respect to GC instead of CG. The objective of Step 1 is to prove that L EO is a constant. h 8 and h 9 need to be eliminated when Eq. (10)is substituted into Eq. (9) . h 8 is calculated by subtracting the angle of Links AC with respect to ground from the angle of Link CG with respect to ground, i.e.
Since Loop PL ensures that triangles BCG and ACO are similar triangles, the angle of Link CG with respect to ground is the same as the angle of diagonal line CO with respect to ground Fig. 7 . Generalised coordinates.
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The angle of Link AC with respect to ground is simply h 1 ,thus
Due to the symmetrical structure of four-bar linkage BCDG
Substituting Eqs. (10), (13) and (14) into Eq. (9) yields
Hence Joint E is proven to rotate around O.
2.2.3.
Step 2 -position of point H The position of Point H is determined through a similar approach as that of Joint E. The distance between Point H and O is
where x H and y H are
Given cable loop PU, the angles of Links EH and DG with respect to the ground are equal. Therefore, h 7 and h 6 are equal. From Eq. (7), the angle of Link DG with respect to ground is given by
Hence
Substituting Eqs. (12) , (13) , (17) and (19) 
Therefore L HO is a constant. Since both L EO and L HO are constant, Link EH is proven to rotate around the remote centre and the cable linkage is proven to be an RCM mechanism.
Cable tension analysis
The RCM function proven in Section 2 is conducted under the condition that the cable loops are functioning. To achieve such condition, the following criteria must be achieved:
1. The cable loops (especially Loop FB) must not obstruct the movement of the links. 2. The two sides of a cable loop must be in tension in each direction of motion of the linkage, respectively.
The functioning of cable linkage is proven through constraint approach analysis. Criterion 1 is proven based on the constraint equations derived from cable loops. Criteria 2 is proven based on the solutions of cable tension. In addition, the cable linkage is also proven to be fully-constrained (singularity-free) based on the number of constraint equations derived. The full proof is presented in this section. 
The constraint approach
Such constraint-based analysis is based on a generalised constraint approach [29] , which is briefed below. The dynamics of a constrained physical system is described as [30] 
where Q i , Q c and Q e are the generalised inertia, constraint and external forces applied on the generalised coordinates q, respectively. The generalised constraint force Q c applied on q is related to the mechanical constraints of the systems through
where k is the Lagrange multiplier, which represents the generalised constraint force acting along the mechanical constraints. C q is the derivative of the constraint matrix c q with respect to the generalised coordinates q, which is
∂c q ∂q (23) c q represents the mechanical constraints of the system. Assuming that c q and q have dimensions of m and n respectively, the dimensions of Q c , C q and k are n×1, m×n, and m×1, respectively. The cable linkage (one-DOF) is fully constrained when n equals (m + 1). In the cable linkage, the constraints from cable loops are contained in c q . Hence, c q can be used to prove Criterion 1. C q and c q also satisfy
where q i and q d are the independent and dependent generalised coordinates, respectively. C qi and C qd are the derivative matrices determined using q i and q d , respectively. In static analysis, the generalised inertia force Q i vanishes. Therefore, combining Eqs. (21) and (22) gives
or equivalently
where Q ei and Q ed are the generalised external forces applied on q i and q d , respectively. Eq. (25) or (26) is used to determine the generalised constraint force k acting along the mechanical constraints, when external load Q e is given. Cable tension is contained in k and thus proves Criterion 2. One constraint equation for each pair of pulleys needs be derived to determine the cable tension, for each direction of motion of the linkage.
The direction of such constraint force is dependent on the way in which the constraint equation c q is written in. An example is given below. Consider an arbitrary constraint equation that is defined as (27) where p a and p b are the physical quantities of Bodies A and B, respectively, which are used to construct the constraint equation. In this case the k determined using such constraint equation is the generalised constraint force acting on Body B by Body A. In the opposite case, if the positions of p a and p b are swapped in Eq. (27) , k will give the generalised constraint force acting on Body A by Body B.
Analysis on cable loops
In this analysis, it is assumed that the cable is inextensible and there is no slip between the cable and pulleys. All the bodies are assumed to be rigid bodies with zero mass. 
Constraint equations from cable loops
Given constant length of cable section connecting two pulleys and constant distance between pulleys, the sum of lengths of cable sections wrapping on two pulleys is also a constant. This is expressed mathematically as
where L PA and L PB are the lengths of cable sections wrapping on arbitrary driving pulley PA and driven pulley PB. L const. is a constant that contains the overall length of cable section and the distance between two pulleys. Since the lengths of cable wrapping on pulleys are related to the rotation of pulleys and their adjacent links, generalised coordinates are embedded in Eq. (28). Rearranging Eq. (28) into the form of Eq. (27) yields
thus according to the definition of Eq. (27), Eq. (29) gives the force applied by the cable section attached to Pulley PB on that attached to PA. Since the cable can wrap on a pulley in either clockwise or counter-clockwise direction, the expressions for L PA and L PB need to take into account the direction. The cases corresponding to clockwise and counter-clockwise cable wrapping are illustrated in Figs. 8 and 9, respectively.
In Figs. 8 and 9, "Ref" represents an arbitrary reference where the angles are measured with respect to. h in , h q and h out are the angle where the cable starts to wrap on the pulley, generalised coordinate and angle where cable leaves the pulley, respectively.
In the clockwise case, h in is the largest angle, followed by h q and h out . The length of cable from h in to h q is
and the length of cable from h q to h out is
In the counter-clockwise case, h out is the largest angle, followed by h q and h in . The length of cable from h in to h q is
Fig . 9 . Counter-clockwise cable wrapping. Table 3 Cable and pulley angles for downward motion. 
The h in , h q and h out for all the pulleys are summarised in Tables 2 and 3. Tables 2 and 3 correspond to the cable sections for upward and downward motions of the cable linkage, respectively, as illustrated in Figs. 5 and 6, respectively. 0 is the additional constant angle introduced by crossed cable between P4 and P5. CW and CCW indicate clockwise and counter-clockwise directions, respectively. Substituting the h terms from Tables 2 and 3 into Eq. (28) yields four constraint equations for each of the upward and downward motions of the cable linkage, respectively, which are between P1 and P2, P3 and P4, P4 and P5, and P6 and P7, respectively.
Constraint equation from joint positions
Apart from the cable loops, there are constraint equations from joint positions. Such constraint equations are derived based on shared joint position of two links. For example, position of Joint G can be derived from two paths: Links AB-BG and Links AC-CG, respectively. The position derived from the two paths must be identical
where x G|BG and y G|BG are the positions derived from Links AB-BG, and x G|CG and y G|CG are the positions derived from Links AC-CG. Six constraint equations are obtained, the paths are summarised in Table 4 . Note that for Point H, the positions derived from path AC-CE-EH are equated to the generalised coordinates x H and y H .
Proof of Criterion 1
Criterion 1 states that with given cable length, the rotation of pulleys must be consistent with the rotation of the links they are attached to, otherwise it will jam the linkage. It can be readily seen that Criterion 1 is met in Loops PL and PU. The proof for Loop FB based on constraint approach is presented below.
The aim is to prove that the output rotation of the cable loop (h 9 ) is consistent with the h 9 derived from the links, as shown in Eq. (13), when a constant cable length from P3 to P5 is given.
Substituting the h for P3 to P5 from Table 2 into Eq. (28) yields two constraint equations
for P3 and P4, and 
Eq. (37) indicates that when given the correct cable length between P3 and P5 to start with, h 9 equals h 8 within full ROM of the cable linkage. Such outcome is consistent with Eq. (13), which means that the rotation of P5 is consistent with that of Link CE, thus Loop FB is not obstructing the movement of the linkage.
Constraint matrix c q and derivative matrix C q
Assembling the constraint equations derived from cable loops and joint positions yields the constraint matrices c q . Individual constraint equations within the matrix are arranged in the following order The constraint matrices are
for the upward motion of cable linkage. Note that for the constraint equations derived from cable loops, the constants associated with cable lengths are not included, as they do not appear in the derivative matrix C q . For downward motion of the cable linkage, the joint constraint equations (last six) are the same. 
where each column in the matrix contains the derivative of constraint matrix c q with respect to one of the generalised coordinates. The derivative matrices C qi and C qd for independent and dependent generalised coordinates, respectively, are 
Constraint status of cable linkage
With ten generalised coordinates and ten constraint equations, the cable linkage seems to be over-constrained. However, certain retain constraint equations are redundant or vanish, resulting in fully-constrained one-DOF RCM mechanism. The cases where the links in non-overlapped and overlapped configurations are analysed separately.
In non-overlapped configurations, Loop FB is redundant. Loop FB introduces one generalised coordinate h 4 and two constraint equations c qP34 and c qP45 . By excluding the generalised coordinate and constraint equations, the cable system is described by nine generalised coordinates with eight constraint equations. The cable linkage is fully constrained and has one DOF.
The overlapped configuration is the singular configuration of a four-bar linkage, thus c qGx|DG from four-bar linkage BCDG vanishes, resulting in fully-constrained cable linkage. According to the constraint approach, the elimination of c qGx|DG can be proven mathematically by observing zeros for its corresponding terms in C q .
Writing h 6 to h 9 , and L CG in terms of h 1 , and substitute into C q yields ∂ ∂q 
where h 6 to h 9 are given by Eqs. (13), (14)and (19), respectively, and
Thus the cable linkage is described by ten generalised coordinates with night constraint equations. The cable linkage is fully constrained and has one DOF.
Calculation of cable tension
In the analysis, no external load is applied on Pulleys P2 to P6 and the passive prismatic joint I. Further, the upward and downward are simulated by applying vertical force F Hy at point H. The torque on Joint E (t 7 ) and horizontal force on Point H (F Hx ) are zero. The generalised external force Q e applied on the generalised coordinates is given by
where t 1 is the actuator input torque. Since the actuator input torque t 1 is unknown, Eq. (26) is used instead of Eq. (25), such that the constraint force can be calculated based on given t 7 , F Hx and F Hy , and then determine t 1 using the constraint force k. The corresponding Q ei and Q ed are
and
According to Eq. (26), the constraint force under given generalised external force is
Following Section 3.5, Eq. (47) at the overlapped and non-overlapped configurations is solved separately, which yields analytical and numerical solutions, respectively.
Analytical solution of k at overlapped configuration
At the overlapped configuration, Eq. (47) which is solved with c qGx|DG is excluded from C qd . The dimension of C qd is 9 × 9 hence can be inversed directly. The analytical solution of cable tension, which are the first four elements in the constraint force k, is given by
for the upward direction of motion, and
for the downward direction of motion. In both k, the first to fourth rows correspond to cable tension between P1 and P2, P3 and P4, P4 and P5, and P6 and P7, respectively. In Eq. (48), since F Hy is negative, r is greater than 1, and R and v are positive, all the elements are positive. As such, the cable forces within Loops PL, FB and PU are all tension. Similarly, in Eq. (49), since F Hy is positive, the cable forces are all positive. Hence, the cable loops are in tension at the overlapped configuration in both directions of motion of the cable linkage.
Numerical solution of k at non-overlapped configuration
At the non-overlapped configurations, the redundant constraints cannot be removed, as cable tension needs to be solved. The dimension of C qd is 10 × 9 and cannot be inversed directly. QR decomposition is applied to obtain the numerical solution
where h 6 to h 9 , and L CG in C qd are represented in terms of h 1 before QR decomposition is applied. Eq. (47) is written with Q 1 and R 1 as
The numerical solution of constraint force is plotted in Fig. 10 , for full ROM of a sample cable linkage whose dimensions are listed in Table 5 . The numerical solutions are identical for the upward and downward motions of the cable linkage.
In Fig. 10 , P12, P34, P45 and P67 represent the cable tension in between Pulleys P1 and P2, P3 and P4, P4 and P5, and P6 and P7, respectively. The maximum cable tension is observed at the overlapped configuration. The magnitudes in Loops PL (P12), FB (P34 and P45) and PU (P67) are 119.1 N, 52.48 N, and 38.4 N, respectively, which agree with the analytical solutions. The cable tension P34 and P45 are identical, which also agrees with the analytical solution. The minimum tension are observed at both ends of ROM. The numerical solution indicates that the cable tension in all loops is positive within the full ROM.
Verification of cable tension and proof of Criterion 2
The numerical solution obtained from the constraint approach is verified with static rigid body simulation conducted using ANSYS Rigid Dynamics package, with a 2D model of the same sample cable linkage. The model used is shown in Fig. 11 . In the 2D model, links are used to mimic cable sections. The links are connected to pulleys with revolute joints, such that only tension and compression are allowed.
The cable tension in one side of the cable loop is obtained by summing the magnitudes of tensile and compressive of the two links which are connected to the same pulley. To justify the direction of cable force, the joint force at the link corresponding to the cable that is expected to be in tension must be tension as well. The external force F Hy is simulated by a remote force applied at the tip of Link EH.
The cable tension obtained through simulation is compared with the calculated results in Figs. 12 and 13. The legends with "S" correspond to the simulation results.
The comparison indicates that the cable tension in Loops PL and PU, as well as the actuator input torque t 1 obtained through the constraint approach is accurate. In Loop FB, exact solution is obtained at the overlapped configuration. The errors are relatively large towards two ends of the ROM, but the trend in the change in cable tension with respect to input angle is well captured. Therefore, the cable tension calculated from the constraint approach is verified, and it can be concluded that Criterion 2 for functioning of cable loops is proven. 
Calculation on cable stiffness
The stiffness of the cable linkage is defined as the deformation of Point H under external load
The stiffness of the cable must be sufficient to achieve the overall stiffness. Since cable tension and elongation change with respect to the movement of the linkage, the maximum value is determined as the minimum required cable stiffness
where k is the minimum required cable stiffness in the cable loop. k i and dL i are the cable tension at different actuator input angle and its corresponding elongation, respectively. Due to the assumption of inextensible cable, conventional definition of elongation, which is defined as deformation of cable, cannot be applied in the analysis. Here, the elongation is defined as the infinitesimal travel distance of cable with respect to infinitesimal displacement at Point H dy H . The derivation of cable elongation is presented as follows.
The travel distance of cable is related length of cable wrapping on pulley and hence can be written in terms of generalised coordinates where the function is the suitable equation among Eqs. (30) to (33). h angles are listed in Table 2 
where Q 1 and R 1 are obtained from Eq. (50). Substituting Eq. (57) into Eq. (55) yields the infinitesimal travel distance of cable in the cable loops. Further substituting such infinitesimal travel distance of cable into Eq. (53) gives the minimum required cable stiffness corresponding to the overall system stiffness. The results are illustrated in Fig. 14 . The minimum required cable stiffness are 240.5 N/mm, 137.7 N/mm and 77.51 N/mm for Loops PL, FB and PU, respectively. In all three cable loops, the largest k are observed at the overlapped configuration. The pattern of change in k with respect to input angle in Fig. 14 is very similar to the pattern of change in tension with respect to input angle in Fig. 10 , which means the cable tension is the dominating factor in stiffness.
Comparison on device footprint
For a 2-DOF RCM mechanism based on the cable linkage, the footprint is described through three approaches In this section, the footprint of cable-linkage is compared to that of a PB-linkage through the above-mentioned approaches. The comparison of footprint is conducted mathematically under a simplified surgical scenario, as shown in Figs. 15 and 16 , for the cable linkage and PB-linkage, respectively. Five configurations of both RCM mechanisms are shown, which are the two extremes in ROM, centre and two mid-point configurations as presented in Figs. 3 and 4 .
In the simplified surgical scenario, the incision port is Point O. The ROM to be achieved is symmetric around the ground axis. output link) of the RCM mechanisms are not allowed to enter such region. The region with R C is set, such that more clearance near the incision port is left for the output links of multiple surgical arms and human surgeons to occupy. L AO is the same for both RCM mechanism. The ROM is changed from 30 to 120
• . R C is changed from 0.5 to 0.825. The dimensions and hence the footprints of the RCM mechanisms are calculated based on the given set of ROM and R C .
For the cable linkage, the lengths of input and connector links (AC and CE) are determined from the ROM using Eq. (3). The lengths of BG and DG are calculated from Eq. (4), where r is assumed to be 1.22 and not changed in the simulation. For the PBlinkage, the length of input link AC is the same as the radius defined by R C and L AO , such that the output joint C is just on the edge of the circle. The length of connector link BC equals L AO .
The results of the comparison are presented as the percentage difference of the footprint of cable linkage, over that of the PB-linkage, expressed as
where f CL and f PB are the footprints of the cable linkage and PB-linkage, respectively.
Approach 1
In MIS applications, a planar RCM mechanism with smaller enclosed area is desired, such that the sweeping volume and the chance of collision between surgical arms are reduced.
In Approach 1, the footprint is described as the characteristic enclosed area. Such characteristic enclosed area is calculated by summing the four out of five configurations in Figs. 15 and 16 , such that the change in enclosed area with respect to movement of linkage is taken into account. The overlapped configuration is not considered, as the enclosed area is zero. The mathematical expression is
where f 1 is the characteristic enclosed area and the four remaining f terms are the enclosed area at four configurations, respectively. The enclosed area of the cable linkage and PB-linkage is defined by four-bar linkage ACEO and parallelogram ABCO in Figs. 15 and 16 , respectively. The results are illustrated as a contour plot in Fig. 17 . Fig. 16 . PB-linkage in surgical scenario. The blank region at the top right corner of Fig. 17 is where the cable link fails to stay outside the radius with given R C . The edge of such region corresponds to the configuration of the cable linkage, where Joint G is on the edge of the circle, as illustrated in Fig. 15 .
The result reveals that the enclosed area of the cable linkage is smaller than that of the PB-linkage in about half of the design points (sets of ROM and R C ). The cable linkage has smaller enclosed area at large R C (>0.5). The smallest enclosed area is achieved at the maximum R C of 0.81, and the corresponding percentage difference is −35 %. Cable linkage has a relatively smaller enclosed area because its geometry is fully defined by the ROM (when r is given). In the contrast, the length of Links AB and CO and hence the footprint of the PB-linkage increase with R C .
Approach 2
Both RCM linkage require additional clearance behind input joint A to allow the movement of linkage. As such, the region needs to be kept clear during the operation. A large region will increase the space needed to maneuver the linkage. In addition, a large region requires a larger base to hold the RCM mechanism, thus increases the overall dimension of the robotic manipulator.
The footprint in terms of the aforementioned region is represented by the sweeping L 4 in Figs (60)
The results are illustrated as a contour plot in Fig. 20 . The result shows that the footprint (Approach 2) of the cable linkage is smaller than that of the PB-linkage in more than half of the design points. The maximum reduction in footprint is 83% at ROM of 30
• and R C equals 0.8. The footprint of the cable linkage is smaller in the cases where ROM is small and/or R C is large. On the other hand, since the dimension of the cable linkage is defined by the ROM, the footprint is large at large ROM and/or small R C . 
Approach 3
There are cases in MIS applications where a surgical manipulator stays stationary while the other robotic arms or human surgeons are conducting manipulations. Therefore, the footprint in terms of the volume taken by the stationary links themselves must be taken into account.
Since the volume of the links is proportional to the length of links, the sum of lengths of links is used as the measurement of footprint in Approach 3. For cable linkage, the links involved are Links AC, CE, BG and DG. Diagonal link CG is not considered as it is enclosed by BG and DG. For PB-linkage, the links involved are Links AB and BC. The mathematical expressions are
The results are illustrated as a contour plot in Fig. 21 . The figure shows that the footprint (Approach 3) is smaller than that of the PB-linkage in all the achievable design points. The percentage reduction in footprint varies between −50% and −80 %, which is significant. Again, the cause of the difference is the fact that the footprints of two RCM mechanisms are dependent on ROM and R C , respectively, while irrelevant to the other.
The comparison in footprint through three approach shows that the cable linkage has a smaller sweeping volume and requires less space behind the input joint in more than half of the design points. In addition, the overall lengths of the links are shorter in all design points, resulting in smaller and lighter linkage. Therefore it can be concluded that the cable linkage has advantages over the PB-linkage in terms of footprint in MIS applications. The scenario that suits the cable link best is where the required ROM is relatively small while the RCM mechanism has to be kept faraway from the incision port.
Prototype of cable linkage
A passive concept-proving prototype of the cable linkage is built. The dimensions of the linkage are given in Table 5 . The ROM is 69
• , which satisfies the requirement of 60
• ROM in most of the abdominal MIS applications [16] . The additional 9
• are added such that v is 0.3 and L 1 is an integer. r is selected to be 1.22 to minimise rounding of L 2 and L 3 . The selection of v and r helps reducing machining error and thus the potential positioning error of the remote centre. Note that due to the limit on the available cable, the minimum required stiffness presented in Fig. 14 is not applied on the cable in Loop FB.
The mechanical constraint of a cable loop can be achieve identically through end-less tendon drive or open-ended tendon drive, as classified in [25] . End-less tendon drive is literally closed-loop cable. It is structurally simpler and can theoretically be fully controlled by less actuators comparing to the open-ended tendon. On the other hand, open-ended tendon drive, which actively controls a pulley with two antagonistic tendons that are connected to their own actuators, respectively, yields zero or small backlash in the expanse of complexity. As the prototype is built for proof of concept, closed-loop cable is implemented in the prototype. To minimise the backlash, timing belt is used and the pre-tension is applied.
The CAD model of the cable linkage, showing two limits and the centre of the ROM, is illustrated in Fig. 22 . The centre and lower limit configurations are combined in the figure by photoshop hence are semi-transparent. The sphere at the bottom right corner of the figure indicates the RC. The design of output link is arbitrary and yet to be optimised for specific MIS applications. The output ROM is 105 to 175 • from the positive x-direction. The belts and cable sections are not shown.
A side view of the prototype is illustrated in Fig. 23 . In the prototype, the widths of Links AC and CE are 16 mm. The radius of pulleys in Loops PL and PU is reduced to 12 mm due to the available pulley size. It can be observed from the figure that the area enclosed by Loops PL and PU is not significantly larger than the sizes of Links AC and CE, despite the outstanding tensioners located in the middle of the links. In addition, the pulleys in Loop FB are mostly enclosed by Links BG and DG in the side view, thus do not cause significant increase in the size of mechanism.
Top views of the prototype are illustrated in Figs. 24 and 25. Fig. 24 annotates the links and Loops PL and PU. In both loops, timing belts are used to minimise backlash. It also eliminates the chance of slip of cable on pulleys in Loops PL and PU, where the consequence of such cable slip is the lost of RCM function. To increase the rigidity of the mechanism, a duplicated pair of Links AC and AF is introduced. Both links are located above Links CE, P6 and P7 in Fig. 24 . Fig. 25 annotates Loop FB. In this prototype, Loop FB is achieved by using two cable loops, one between P3 and P4 and the other between P4 and P5. Two pulleys, P4 and P4 are rigidly connected to each other and mounted at Joint I. P4 is connected to P3, and P4 is connected to P5 with crossed cable. Pulleys P3 and P5 are rigidly connected to Links AC and CE, respectively, by 3D-printing the pulley and the link as one part. To enable the crossed configuration of cable between P4 and P5, a round belt is used.
The presence of tension in the correct sides of cable loops is vital for verifying the design concept. On the other hand, the exact magnitude of tension is of less importance, as it is primarily used as a prototyping guideline. The sign of cable tension can be readily observed through higher transverse cable stiffness on the driving side of a cable loop than that on the driven side. By manually applying force at the output link and comparing the cable stiffness, it is found that the presence of tension within the full range of motion is consistent with Figs. 5 and 6, as well as the outcomes in Section 3 . Apart from that, the prototype is manipulated to the centre configuration, where loads are applied manually in the attempt to force the prototype into the undesired configuration. Jamming of linkage is observed, thus verifies that the linkage can only turn into the desired configuration.
Conclusion
This paper introduces a cable linkage with RCM. The design of the cable linkage is presented, and proof on RCM function is conducted mathematically.
The tension in all cable sections is determined by means of a constraint approach. The analytical solution at the overlapped configuration is derived. The numerical solution at non-overlapped configurations are obtained through QR decomposition. The tensions are positive within the full working range, validating the function of the linkage.
The cable tension calculated is verified through finite element simulation. The constraint approach yields exact solution of cable tension in Loops PL and PU within full ROM, and in Loop FB at overlapped configuration. The error in Loop FB at nonoverlapped configurations is small.
The constraint approach is further used to determine the minimum required cable stiffness, corresponding to a given overall system stiffness at the output link. Both the tension and infinitesimal displacement of cable are derived from the constraint approach and solved with QR decomposition.
Quantitative comparison between the footprints of the cable linkage and PB-linkage is conducted in a simplified surgical scenario. The footprint is described in three approaches. In two of the approaches, the cable linkage yields smaller footprint in half of the design points. In the last one the cable linkage achieves 50% to 80% reduction in footprint.
A prototype is constructed for proof of concept. Closed-loop cable is used to simplify the architecture. Timing belts are used in Loops PL and PU to prevent slip of cable on pulley. Loop FB is further divided into two loops, in between P3 and P4, and P4 and P5, respectively. Round belt is implemented between P4 and P5 to enable crossed cable configuration. The correct presence of tension within full range of motion, as calculated in Section 3, is validated. The prototype is also proved to be prevented from turning into the undesired configuration.
